Discovery of the CP-violation in the lepton sector is one of the challenges of the particle physics. We search for possible principles, symmetries and phenomenological relations that can lead to particular values of the CP-violating Dirac phase, δ. In this connection we discuss two extreme cases: the zero phase, δ = 0, and the maximal CP-violation, δ = ±π/2, and relate them to the peculiar pattern of the neutrino mixing. The maximal CP-violation can be related to the ν µ − ν τ reflection symmetry. We study various aspects of this symmetry and introduce a generalized reflection symmetry that can lead to an arbitrary phase that depends on the parameter of the symmetry transformation. The generalized reflection symmetry predicts a simple relation between the Dirac and Majorana phases. We also consider the possibility of certain relations between the CP-violating phases in the quark and lepton sectors.
Introduction
Observation of the effects of the CP violation was one of the fundamental discoveries in physics [1] in the past century. The violation of the CP-symmetry is established in the quark sector and it is natural to expect that CP violation occurs in the lepton sector, too. Furthermore, in the lepton sector one may even find additional sources of CP-violation; e.g., the Majorana phases of neutrino masses, the right handed (RH) neutrino mass matrix in the context of seesaw mechanism, or mixing with new neutrino states.
What can we learn from measurements of the CP-violating phases? What is the underlying physics? These questions are imperative especially in view of development of the challenging and rather expensive experimental programs to measure the CP-violation in the neutrino oscillations [2] . What would the possible implications of the future measurements of the phase be?
We still have no theory of CP-violation in the quark sector that would explain the observed value of the phase δ CKM . What can we say about the CP-violation in the lepton sector where the information about masses and mixings is not so complete as in the quark sector? Can the situation be simpler here?
In view of this incomplete knowledge, we can take the following routes to approach the questions raised above.
1) Some extreme situations can be studied; e.g., the possibility of zero Dirac phase, δ = 0, or maximal phase, δ = π/2.
2) We can also try to relate the CP-violating phases in the quark and lepton sectors. In this line, one may ask if the phases can be equal or complementary; or if there is another simple relation between the phases.
There are few specific models of neutrino mass and mixing that predict the value of the CP-violating phase. For example, the Zee model (whose minimal version is excluded by the recent data) predicts a neutrino mass matrix invariant under CP. In the models with A 4 symmetry the maximal value for the Dirac phase, δ = π/2, appears [3] . Some structures of the mass matrices lead to maximal mixing [4] . Classification of matrices with a certain number of texture zeros in the flavor basis and the corresponding CPviolation effects have been considered in [5] . However, till now no systematic study of the CP-violation exists. In this paper, we search for principles, symmetries as well as phenomenological and empirical relations that lead to particular values of the CP-violating phase. In sec. 2, we study some general properties of the neutrino mass matrix and formulate criteria for the CP-violation. In sec. 3, we search for symmetries which predict δ = 0 and discuss the related phenomenological consequences. In sec. 4, we consider the case of maximal CP-violation. In sec. 5, we formulate conditions that lead to certain values of the phase which differ from zero and π/2. The possibility of relations between the quark and lepton CP-violating phases is studied in sec. 6. In sec. 7, we summarize our results.
2 Rephasing invariants and criteria for conservation of CP
We assume that there are only three light Majorana neutrinos and parameterize the neutrino mass matrix in the flavor basis ν f ≡ (ν e , ν µ , ν τ ) as We will use the standard parametrization of the mixing matrix which diagonalizes m ν
Here U ij (θ ij ) is the matrix of rotation by an angle θ ij in the ij-plane; Γ δ ≡ diag(1, 1, e iδ ), Γ M ≡ diag(1, e iφ 2 /2 , e iφ 3 /2 ), (2.3) where φ 2 , φ 3 are the Majorana phases defined in such a way that mass eigenvalues are made real and positive. These phases could be included in the definition of the eigenvalues m i , and since the oscillation probabilities are determined by |m i | 2 , only the phase δ affects oscillations. Let us introduce the following matrix and ∆m Explicit expressions for h αβ in terms of oscillation parameters are given in the appendix. Notice that h does not depend on the Majorana phases and therefore provides a test of the Dirac phase without any ambiguity from the Majorana phases. In order to investigate symmetries and relations that determine the CPviolation in general (either through the Majorana phases or through the Dirac phase) we should consider the matrix m ν rather than h. However, the arguments of the elements of m ν change with rephasing the fields and therefore are not physical. To perform such an analysis, we should use rephasing invariant quantities [7] . Under rephasing of neutrino states, (ν e , ν µ , ν τ ) → (e iαe ν e , e iαµ ν µ , e iατ ν τ ), the matrix changes as .9) Apparently, the following combinations of matrix elements are rephasing invariant: 10) so are the equivalent combinations: m 2 αβ /m ββ m αα , where α = β. Notice that under the µ − τ permutation, I 3 is invariant and
Two other invariants read as 2.12) or (m eµ m * eτ ) 2 m τ τ m * µµ and
Let us first formulate conditions for the complete CP-conservation; i.e., the case that the Dirac and Majorana phases are both zero. For chiral states the CP transformation coincides with C-conjugation: 14) where C ≡ iγ 2 γ 0 . In terms of the charge conjugated states, the mass terms (together with hermitian conjugate) can be written as
Under CP transformations ν α → ν c α (an additional phase can be removed by rephasing), and therefore m αβ → m * αβ . Consequently, the neutrino mass terms are CP invariant if 16) that is, if the matrix elements can be made real after rephasing. Using invariants I i we can formulate the CP invariance in the rephasing independent form. Similar analysis has been performed recently in [8] , although, as we will see, some differences between the two exist 3 . In particular, while [8] focuses on the textures compatible with neutrino data our approach is more general and can find application in contexts beyond the neutrino physics. Moreover, the aim of [8] is to formulate measures for CP-violation rather than formulating criteria for CP-violation.
• In the case that all the diagonal entrees of the mass matrix are nonzero, CP is conserved if and only if the three invariants I 1 , I 2 , I 5 are real: (2.17) Notice that although I 5 can be written in terms of I 1 , I 2 and I 3 , one cannot replace the condition of ImI 5 = 0 with ImI 3 = 0. This is illustrated by the following matrix
with real a, e, f, b, c and d. This matrix explicitly violates the CP but I 1 , I 2 and I 3 associated with it are all real. 3 Our results have been presented in [9] .
• In the case that m ee = 0 but m µµ and m τ τ are nonzero, CP is conserved if and only if the two invariants I 3 and I 5 are real:
• In the case that m ee = m µµ = 0 but m τ τ is nonzero, CP is conserved if and only if I 5 is real ImI 5 = 0. (2.20)
It is easy to check that conditions (2.17, 2.19, 2.20) guarantee that the mass matrix can be made real by rephasing and therefore the CP symmetry is completely conserved.
In order to test the violation of CP, one may choose to examine another set of three independent combinations of I 1 , I 2 and I 3 . So in this sense our criterion is not unique: depending on the type of the texture, calculating a certain set of invariants may have advantages over other sets. However, one must be aware of the possibilities such as (2.18) .
Combining I 1 , I 2 and I 3 , one can write new forms of rephasing invariants:
In fact, using (2.5) it is straightforward to show that J can be written as the imaginary part of a combination of the above invariants with real coefficient such as |m αβ | 2 . As a result, the realness of the above rephasing invariants guarantees that the Jarlskog invariant vanishes. However, the opposite is not correct; i.e, we can have J = 0 but some of I i and J i may be complex. This is due to the fact that, in contrast to the Jarlskog invariant, the I i and J i contain information not only on the Dirac phase but also on the Majorana phases.
Zero Dirac CP-violating phase
Due to the fact that according to the neutrino oscillation data, all the mass splitting, ∆m 2 ij (i = j), as well as the values of sin 2θ 12 , sin 2θ 23 and cos θ 13 are nonzero, the equality J = 0 implies sin θ 13 sin δ = 0 [see Eqs. (2.6,2.7) ]. Below we derive the condition on the mass matrix that yield zero sin δ (i.e., δ = kπ with integer k) while keeping sin θ 13 and Majorana phases nonzero. The possibility under consideration corresponds to a situation that the forthcoming reactor and accelerator experiments measure θ 13 ; however, the subsequent CP-violation searches would report a null result. What can we learn from a sizeable sin θ 13 but very small CP-violation, J CP ≪ s 13 s 12 c 12 s 23 c 23 ?
Before deriving the necessary condition for δ = kπ, let us formulate a criterion for zero sin θ 13 . It is straightforward to show that if sin θ 13 = 0,
where h is defined in Eq. (2.4) . So the equality
can be considered as a test for sin θ 13 = 0. This criterion will be useful to check whether zero J implies sin θ 13 = 0 or sin δ = 0. Below we consider different situations that yield vanishing sin δ.
Zero off-diagonal elements of h αβ
A trivial way to satisfy the condition J = 0 is to have one or more vanishing off-diagonal elements of h:
This condition is both rephasing and parametrization invariant. In terms of the elements of the mass matrix, it implies "orthogonality" of the α and β lines of the mass matrix:
Apparently, these conditions are not necessary for J = 0 and therefore lead to certain predictions for sin θ 13 . The hope is that a symmetry or principle will be uncovered that leads to the equality (3.2) . Let us consider three possibilities for different α, β one by one. 1) h eµ = 0. Using expression (7. 3) from the appendix and taking into account the known experimental information that 1-2 and 2-3 mixings as well as ∆m which implies a rather small value for the 1-3 mixing: 5) where
Numerically we obtain | sin θ 13 | ∼ 0.016. Unfortunately, such small values of s 13 are beyond the reach of upcoming reactor experiments such as Double CHOOZ [10] and Daya Bay [11] as well as long baseline experiments [12] (see, however, [13] ). Thus, a positive result in these experiments will exclude such a possibility. Another solution is δ = π and sin θ 13 ≈ 0.5 sin 2θ 12 cot θ 23 r ∆ . So, if there is a symmetry or principle that leads to h eµ = 0, this equality together with phenomenological input (nonzero masses and two mixings) imply δ = 0 and a value for sin θ 13 given in Eq. (3.5) . Inversely, confirming relation (3.5) will testify for such an underlying symmetry. However it will not be sufficient to conclude that sin δ = 0. For sin θ 13 given in (3.5) , h eµ vanishes only if sin δ also vanishes.
In terms of the elements of the mass matrix, the condition h eµ = 0 can be written as
Although Eq. (3.7) involves all the elements of the mass matrix except m τ τ it does not, in general, imply a certain symmetry. However, as we show below, in some particular cases, simple patterns of the mass matrix emerge.
For the normal hierarchy case, Eq. (3.7) yields the following form for the neutrino mass matrix 8) where k, g ≪ A and ǫ i ≪ 1. Let us consider the special case of g = 0 and ǫ 2 = 0, so that the matrix reduces to
( 3.9) Apparently, the above matrix has an approximate ν µ − ν τ symmetry broken in the 2-3 block. The parameters k and A can be made real by rephasing. The matrix (3.9) can be well motivated by a certain symmetry. If ǫ = 0, the matrix is invariant under the following transformations 10) ν e ⇒ e 2iθ ν e (3.11) with arbitrary θ. Invariance under (3.11) leads to a vanishing ee− element. The special case of θ = π/2 corresponds to the ν µ ↔ ν τ and ν e → −ν e symmetry which implies m eµ = −m eτ and m µµ = m τ τ . Finally, the invariance under general transformations (3.10) leads to m µµ = m µτ . Notice that the equality of m µµ and m µτ does not follow from the µ − τ permutation symmetry.
The symmetry under (3.10,3.11) does not explain the hierarchy k/A ∼ 0.1. This can be either accidental (notice that the hierarchy is not too large) or a consequence of approximate L e conservation. Nonzero ǫ (which is necessary for explaining the neutrino data) breaks the symmetry under (3.10) . Notice that in the charged lepton sector (as well as in the quark sector) the symmetry is broken by a similar structure; i.e., m τ ≫ m µ . The two can be related. In this connection one can consider two different contributions to the neutrino mass matrix such that while the dominant contribution obeys the symmetry under (3.10,3.11) , the subdominant contribution, which violates the symmetry, has a hierarchical structure similar to the one in the charged lepton sector.
Let us consider the phenomenological consequences of matrix (3.9) . Diagonalization leads to the mixing angles 12) and δ = 0, which is expected because θ 13 is nonzero. Moreover,
For the mass eigenvalues we obtain
If ǫ is real, we obtain
that results in the following relations among the observables:
From (3.16) we obtain a deviation from the maximal mixing
Rewriting sin θ 13 in (3.12) in terms of the mixing parameter, we find (3.18) that coincides with (3.5) for cot θ 23 ≈ 1.
Establishing small (∼ r ∆ ) 1-3 mixing and a relatively large deviation of 2-3 mixing from maximal: sin 2 2θ 23 ≈ 0.96, will be in support of the considered possibility. Such a deviation from maximal mixing can be tested by future long baseline experiments [12, 13] . These are typical features of a mass matrix whose ν µ − ν τ symmetry is broken in the ν µ − ν τ block.
If ǫ is complex, ǫ = |ǫ|exp(iφ ǫ ), the Majorana CP-violating phases will be nonzero. Let us evaluate these phases. According to our convention m 1 is real, thus from the condition (m ν ) ee = 0 we obtain (3.19) or using Eqs. (3.12,3.13) sin
Thus, in the first approximation the phase of m 2 can be neglected. To obtain the phase of m 3 , we use the rephasing invariant
Since the 1-3 mixing is small, the I 3 invariant can be rewritten as 22) and sincem 2 ≪ m 3
So, the phase of m 3 is equal to the phase of ǫ and in general can be large.
2) h τ e = 0: This equality results in zero δ and sin θ 13 ≈ 0.5 sin 2θ 12 tan θ 23 r ∆ , (3.23) or δ = π and sin θ 13 = −0.5 sin 2θ 12 tan θ 23 r ∆ . The equality h τ e = 0 means that 24) and in the case of normal hierarchical scheme this leads to the mass matrix
The mixing angles and the splittings are the same as in the previous case except that
3 In summary, in this subsection, we have found that although h µτ = 0 is not compatible with the data, h eµ = 0 or h eτ = 0 yield vanishing sin δ and a small but nonzero value for s 13 of order of ∆m 
Small Dirac phase
According to (2.5) if all the elements of h αβ are real, no CP-violating effects appear in oscillations but in general θ 13 and the Majorana phases can be nonzero. By straightforward but cumbersome calculations, it can be shown that to the leading order in sin θ 13 and cos 2θ 23 , the mass matrix which satisfies this condition can be parameterized as (3.27) where α, η ≪ x ∼ 1 are real numbers but r, s and t can in general be complex quantities. It can be shown that regardless of the mass scheme (hierarchical or degenerate; normal or inverted) the parameters of this mass matrix are immediately related to the observables as
In order to reproduce the observed neutrino mass splitting, the complex parameters r, s and t should satisfy certain relations. It can be shown that 12 .
The normal mass hierarchy requires |r − t| 2 , x 2 |s| 2 ≪ |r + t| 2 ; while, in order to achieve inverted hierarchy, one needs |r + t|
2 ). For the mass matrix given in Eq. (3.27) with general but small α and η the Dirac phase is small but nonzero: (3.29) the Dirac phase vanishes, exactly. This can be verified in two steps: 1) If the above relation holds, h eµ , h eτ and h µτ are all real which means the Jarlskog invariant is zero; 2) using the criterion (3.1), we find that s 13 = 0 which means sin δ must vanish. The cases discussed in the previous section (h eµ , h eτ = 0) can be considered as special instances of the mass matrix with the form in Eq. (3.27) , provided that (3.29) is satisfied. For example,
yields vanishing h eµ . Using (3.28) and remembering that η = √ 2 sin θ 13 , it can be confirmed that (3.30) yields the same relation between sin θ 13 and the mass splittings that we expected in the case of h eµ = 0; i.e., Eq. (3.30) corresponds to (3.18) .
In what follows we show that by a change of basis, matrix (3.27) acquires a simple form which will be easier to incorporate in models. Let us define
, where V b is a unitary matrix which neglecting O(η 2 , α 2 ), can be written as
It is straightforward to show that in this basis, up to O(η 2 , α 2 ), matrix (3.27) obtains the following simple form (3.32) In this subsection, we have derived the general form of a neutrino mass matrix for which | sin δ| ≪ 1. We have then shown that by changing the basis, this matrix acquires a simple form which will be easy to incorporate into models.
Zero Dirac phase with nonzero elements of h αβ
Consider a matrix h with vanishing Jarlskog invariant but non-zero offdiagonal elements. In general the equality J CP = 0 is equivalent to the condition that by rephasing the neutrino fields the h matrix can be made real. However, because of the possibility of nonzero Majorana phases, J CP = 0 does not necessarily mean that m ν can be made real by rephasing. In this section we formulate the necessary conditions on m ν for J CP = 0 in a specific class of mass patterns, demonstrating how the invariants defined in the previous section can simplify the analysis.
Let us consider a matrix for which I 3 , I 4 and I 5 are all real. After a proper rephasing, the general form of such a matrix can be written as (3.33) where l, n and κ are real numbers but u, v and B can have complex values. This assumption means that the phases of m eµ and m eτ are equal, and also all the elements of µ −τ block have the same phase. In this case by rephasing the neutrino fields one can eliminate the phases from all the elements but m ee ; i.e., only u remains complex. Apparently, if m ee = 0, there will be no CP-violation in the lepton sector. Matrix (3.33) automatically gives
The two other elements are equal to
Then the condition of the absence of the CP violation in oscillations,
Let us consider solutions of this equation and their implications.
1) The condition (3.34) is satisfied if u = 0, as we have noticed before. Two other trivial solutions, B = 0 and v = 0 are ruled out by the neutrino data.
2) Another possible solution (again for arbitrary l, n and κ) is
For two other invariants we obtain the following: I 2 = n(1 + κ)v 2 u * B * -that has the same imaginary part as I 1 , and I 5 = ln(1 + κ)|B| 2 which is real. Therefore if condition (3.35) is satisfied, all the invariants, I 1 , I 2 , I 5 will be real and, according to the general consideration of sec. 2, there will be no CP-violation even for nonzero u; i.e., all the physical phases will vanish. The same conclusion can be obtained in a different way. As we have already pointed out, we can make all the parameters of matrix (3.33) except u real by rephasing. In this case, condition (3.35) means that u should be real too. Notice that the 1-3 mixing is, in general, nonzero.
3) The last non-trivial solution of (3.34) is
Performing diagonalization of the mass matrix and remembering that the 1-2 mixing is nonzero, it is straightforward to check that the condition (3.36) leads to a vanishing 1-3 mixing. So, J = 0 is satisfied trivially due to the zero mixing. Thus, with a matrix of form (3.33), the Jarlskog invariant can vanish if and only if either the lepton sector is CP-invariant (i.e., both the Dirac and Majorana phases vanish) or sin θ 13 = 0. In other words, for (3.33) we cannot have sin θ 13 = 0, sin δ = 0.
Maximal CP violating phase
Several neutrino mass matrix textures have been proposed that predict a maximal value for the Dirac CP-violating phase [3, 4, 15, 16] . In other words, for given values of mixing angles, they predict the Jarlskog invariant to be maximal which implies | sin δ| = 1. For the experiments proposed to directly search for the CP-violation in the neutrino oscillations, this means that for given values of mixing angles, the asymmetry P (ν µ → ν e ) − P (ν µ →ν e ) is maximal.
It has been suggested in [17] to use astrophysical neutrinos to determine the value of δ without directly measuring the CP-violating effects. For stable neutrinos, the effect of δ will be too small to resolve. However, if at cosmological distances the heavier neutrinos decay into ν 1 , the ratio of neutrino fluxes of different flavors will be sensitive to sin θ 13 cos δ: In the case of the maximal CP-violating phase, like in the case of s 13 = 0, we expect Φ νµ /Φ νe = tan 2 θ 12 /2, which can be in principle checked by Icecube [17, 18] . Thus, from the point of view of the indirect measurements, the maximal CP-violation value of the phase (cos δ = 0) is also special.
As noticed in [19, 20] , the maximal Dirac CP-violating phase can be explained by the so-called µ − τ reflection symmetry under which ν µ and ν τ transform into the CP-conjugate of each other. We first study various new aspects of this symmetry, and then in section 5, generalize it to accommodate non-maximal values of δ as well as a deviation of the 2-3 mixing from π/4.
µ − τ reflection symmetry
The µ − τ reflection [19, 20] is defined as follows
where ξ i are phase factors. These transformations are combinations of charge conjugation, parity and permutation in the flavor space. Notice that if ξ 2 = ξ 3 , m eµ and m eτ should both vanish which contradicts the observations. Thus, we should take
The most general form of neutrino mass matrix invariant under the µ − τ reflection transformations is
where w, y, z, f and σ are all real. By rephasing ν µ → e −iβ ν µ , ν τ → iξ 2 e iβ ν τ , ν e → √ −iξ 1 ν e and redefining σ, the mass matrix obtains the form
For such a mass matrix, J [see Eq. (2.6)] is equal to
which, in general, is nonzero for sin 2σ, w, y = 0. In the following we show that for sin 2σ = 0 the matrix (4.4) implies a nonzero 1-3 mixing and δ = π/2. Eq. (4.4) yields the following relations among the elements of the matrix h: 5) and For the observed values of mass squared differences and mixing angles, equalities (4.7) and (4.8) are satisfied if cos 2θ 23 = 0 (i.e., 2-3 mixing is maximal) and sin θ 13 cos δ = 0. (4.9)
For sin θ 13 = 0 and cos 2θ 23 = 0 the rephasing invariants I 1 and I 2 (2.10) are equal, which in the case of (4.4), is realized provided that e 4iσ = 1. Notice that for sin θ 13 = 0, or in other words for σ = 0, π, ±π/2, the µ − τ symmetry [21] is restored and the CP in oscillations is conserved. For a general value of σ (not belonging to {0, ±π/2, π}), sin θ 13 is nonzero and Eq. (4.9) can be satisfied only if cos δ = 0.
In addition to predicting maximal values for θ 23 and δ, the µ−τ reflection symmetry predicts zero (or equal to π) Majorana phases. This can be proved by explicitly diagonalizing the matrix m ν . This conclusion holds for any mass scheme: normal/inverted, hierarchical/degenerate.
The µ − τ reflection symmetry is strongly broken in the charged lepton sector. As a result, we expect the radiative corrections induced by the charged lepton sector to break this symmetry in the neutrino sector, too (see sec. 4.3) .
In what follows, we study the normal mass hierarchy in the context of the µ − τ reflection symmetry. In order to reproduce the normal hierarchy, the elements of (4.4) should satisfy:
Using these inequalities it is straightforward to show that 10) and (4.11) and finally, as expected, δ = π/2 but the Majorana phases vanish. Combining the above formulas and the information on masses and mixing we obtain w cos σ/(y + z) ∼ 0.1. For tan σ ∼ 1, θ 13 can saturate its upper bound. Inversely, the bound on sin θ 13 can be interpreted as an upper bound on tan σ. Notice that for sin σ → 0, the µ − τ exchange symmetry is restored and as a result sin θ 13 = 0, and consequently, there will be no CP-violating effects. Now let us consider the possibility to reproduce matrix (4.4) for the normal mass hierarchy by the seesaw mechanism. Without loss of generality we choose the mass basis for the right-handed neutrinos. Suppose that under the µ − τ reflection symmetry, the right-handed neutrinos transform into the charge conjugates of themselves, N i → N c i . In order for the right-handed neutrino mass matrix to be symmetric under the µ − τ reflection, it should be real:
Moreover, the µ − τ reflection symmetry with N i → N We assume that the right-handed neutrino N 3 dominates in generation of the light mass matrix (single right-handed neutrino dominance [22] ). This implies a
Moreover, suppose the dominant part of the Lagrangian that involves N 3 preserves L e ; i.e., a 3 = 0. Then, the mass matrix of the light neutrinos will be equal to .13) which, considering the realness of M i , is precisely of form (4.4).
µ − τ exchange versus µ − τ reflection symmetry
Let us compare the phenomenological consequences of the µ − τ reflection and exchange symmetries and discuss the necessary and sufficient conditions for having maximal CP-violating phases. As follows from the discussion in sec. (4.1) both symmetries guarantee that (4.14) As shown in section (4.1), the above equalities, in turn, lead to cos 2θ 23 = 0 (maximal 2-3 mixing) and sin θ 13 cos δ = 0. However, realization of the last equality is different for the two symmetries: while ν µ ↔ ν τ implies sin θ 13 = 0, nonzero sin θ 13 is compatible with the µ − τ reflection symmetry, and as a result, the latter symmetry requires that cos δ = 0. Now, let us discuss whether equalities cos 2θ 23 = sin θ 13 cos δ = 0 necessarily imply the aforementioned symmetries. It is well-known (and in fact, straightforward to confirm) that the equalities cos 2θ 23 = sin θ 13 = 0 (4.15) are compatible with neutrino data (i.e., nonzero sin 2θ 12 and ∆m the µ − τ reflection symmetry is not a necessary condition. Indeed, the two conditions h µµ = h τ τ and |h eµ | = |h eτ | can be simultaneously satisfied while |m eµ | = |m eτ |. To show this, let us write the elements of m ν in terms of oscillation parameters: Apparently for |m eµ | = |m eτ |, in addition to equalities (4.15) , the sines of the Majorana phases must also vanish. However, for general nonzero phases, (|m eµ | − |m eτ |) / (|m eµ | + |m eτ |) ∼ 1. The maximal 2-3 mixing and Dirac phase do not guarantee that the µ − τ reflection symmetry exists. On the other hand, the µ − τ reflection symmetry is not necessary for maximal CPviolating phase. Summarizing, zero Majorana phases and Eq. (4.16) imply I 1 = I * 2 = I 2 and I 3 = I * 3 which (by appropriate rephasing) results in matrix (4.4) . However, if Majorana phases are nonzero even for (4.16) , the element |m eµ | can be different from |m eτ |. Therefore, to prove the existence of a µ − τ reflection symmetry not only confirming (4.16) is necessary but one has to also show that the Majorana phases vanish.
Notice that the phases of off-diagonal elements of h are not rephasing invariant and are not therefore physical. As a result, despite the claim in [4] , h eτ = −sgn[s 23 ]h * eµ does not guarantee that δ = π/2, cos θ 23 = 1. In fact, for any pair of (δ, θ 23 ) satisfying Eq. (4.8), we can have |h eµ | = |h eτ |. Then, by appropriate rephasing of the fields the condition h eτ = −sgn[s 23 ]h
Renormalization group effects
The CP-violating phase is not invariant under renormalization. Furthermore, the physics responsible for a certain pattern of the mass matrix can become manifest only at very high scales, e.g., the Grand unification scale M GU . The RG effects should be therefore taken into account when confronting with the low energy observations.
The radiative corrections change the matrix and break the µ−τ reflection symmetry, so the value of δ is expected to be modified. For illustration let us consider the running of the effective D = 5 operator
from the scale of decoupling of the heavy neutrinos (the seesaw scale) down to the low energies. Neglecting the corrections proportional to m 2 µ / H 2 and m 2 e / H 2 and absorbing the flavor-independent corrections in the definition of the overall mass scale we find that matrix (4.4) will modify into (4.17) In the standard model, we haveǫ ∼
which setting the cutoff Λ = 10
12 GeV, is of order of 10 −5 . In the supersymmetric version with large tan β the corrections can be much larger:ǫ ∼ 10 −2 . As a result of the corrections, both θ 23 and δ are shifted from their maximal mixing and CP-violation values by a tiny amount. It can be shown that
and for normal mass hierarchy (w 2 ≪ y 2 ≃ z 2 ) the deviation from maximal mixing is approximately equal toǫ/2 √ 2. The formula for the deviation of δ from π/2 is more complicated. In the case of normal hierarchy, we obtain cos δ ∼ǫ ∆m 
A 4 symmetry and maximal CP violation
The µ − τ reflection symmetry can be implicit or accidental in models with certain flavor symmetries. We show this using the example of a specific model based on the A 4 symmetry. It has been observed that in models based on A 4 , the Dirac phase is maximal [23] . The neutrino mass matrix in the flavor basis is given by 18) where 19) and f is the Yukawa coupling, and in the symmetry basis the Dirac mass matrix is proportional to the unit matrix. In the limit of exact A 4 one has M N = Diag(M, M, M), and as is shown in [23] , the corresponding light neutrino mass matrix, 4.20) leads to a degenerate mass spectrum. Deviations of M N from being proportional to the unit matrix, which can take place due to the soft breaking of the A 4 symmetry or due to the radiative corrections, can lead to phenomenologically acceptable mass matrix for light neutrinos [23] . Let us show that for any real (and non-singular) matrix M N , the Dirac phase produced by m ν (4.18) is maximal, δ = π/2. Indeed, in the flavor basis, the Dirac mass matrix of neutrinos is given by m D ≡ f H U L . It is easy to check that in this case both the Dirac and the Majorana mass terms (M N is real) are invariant under the µ − τ reflection symmetry (4.1) with
The whole neutrino sector will therefore be invariant under the µ−τ reflection and this, in turn, leads to the maximal Dirac phase.
Nonzero CP violating phase
In this section, we introduce a particular form of CP-flavor transformation that can be considered as a generalization of the µ − τ reflection transformations. We then discuss how this symmetry can be realized within the framework of the seesaw mechanism and discuss its implications for the leptogenesis.
Generalized µ − τ reflection symmetry
Let us introduce the following CP-flavor transformations:
where P is a unitary matrix and α and β are flavor indices. We consider consequences of the invariance of the neutrino mass terms with respect to these transformations. Apparently (5.1) is a generalization of the µ − τ reflection. Below we define P in a specific way that implies a definite value for the Dirac phase which depends on parameters of transformation (5.1). Let us consider the following symmetric form for P
Notice that in the case e iφ = −1, the matrix P equals
which corresponds to the µ − τ reflection with
Since U 12 and Diag[1, 1, e iφ ] commute, it is straightforward to show that P (θ 23 , φ)·U P M N S (θ 23 , θ 12 , θ 13 , δ, φ 2 , φ 3 ) = U P M N S (θ 23 , θ 12 , θ 13 , δ+φ, φ 2 , φ 3 +2φ).
Thus, the equality 5.6) . From (5.6) we obtain a simple relation between the Dirac and Majorana phases:
Notice that, here, sin θ 13 can take any real value (including negative values) but δ is restricted to [0, π] , so the prediction is free from any ambiguity. Let us consider some special cases: 1) To achieve a maximal Dirac phase and a small deviation of θ 23 from its maximal mixing value, the transformation matrix should bê 8) whereθ ≪ 1.
2) Maximal mixing, θ 23 = π/4, and a given value of the Dirac phase δ, can be achieved with (5.9) In summary, the symmetry under the CP-flavor transformation defined in (5.2) leads to certain values of the Dirac and Majorana CP-violation phases (in the standard parametrization). The phases are related to the parameter of transformation and, depending on the value of this parameter, can take any value from zero to the maximal CP-violating phase.
Seesaw mechanism and leptogenesis
Let us consider the implications of the neutrino mass matrices with the CPflavor symmetry for the seesaw mechanism and leptogenesis. We introduce three heavy right-handed neutrinos N i , and consider a basis in which the mass matrix of these neutrinos is diagonal: M = Diag(M 1 , M 2 , M 3 ). As discussed in sec. (4.1) , if the right-handed neutrinos transform under the µ − τ reflection without any flavor change, N i → N where a 3 is real but the rest of the parameters can be complex. Now the matrix Y ν · Y † ν has complex off-diagonal entries which opens a possibility for leptogenesis. Moreover the transformations defined in (5.11) imply
This degeneracy can be slightly lifted by some additional physics [25] (notice that the µ − τ reflection symmetry is broken anyway in the charged lepton sector). The quasi-degeneracy of these two mass eigenstates can lead to the resonance leptogenesis.
6 Possible relations between the phases of the CKM and PMNS matrices
In view of strong differences between the mass and mixing patterns of leptons and quarks, one does not expect δ CKM and δ to be equal. However, conditions can be formulated that lead to simple and immediate relations of the phases. For this purpose, we first make the following assumptions:
1) The seesaw type-I mechanism generates the neutrino masses, and therefore the light neutrino mass matrix in the flavor basis is equal to
2) Due to the quark-lepton symmetry or unification (6.2) 3) The matrix m
where U m ij is the maximal (π/4) rotation in the ij− plane. Then, the lepton mixing matrix will be equal to 4) which leads to acceptable values for mixing angles according to the quarklepton complementarity (QLC) scenario [27] . From (6.4) we obtain
This relation can be tested by forthcoming experiments such as Double CHOOZ [10] , Daya Bay [11] , T2K [12] and NOνA [13] . Calculating the Jarlskog invariant and inserting the values of the mixing angles, we find
Here V ub is an element of the CKM matrix and θ C is the Cabibbo angle. This leads to a suppressed value for the Dirac phase. Inserting the best fit values of |V ub | and sin θ C [14] in (6.6), we find δ = (0.97
• where the uncertainty results from the relatively large uncertainty in δ CKM .
The Lagrangian of the quark sector is invariant under V CKM → Γ † φ V CKM , where Γ φ is a diagonal matrix whose eigenvalues are pure phases. However, U P M N S given by (6.4) changes non-trivially under this transformation. This results in an ambiguity in evaluation of δ. In general, the seesaw mechanism can lead to the appearance of an additional phase matrix
Including the phase matrix Γ φ , the leptonic phase can be much larger than (6.6); however, the value of the phase should be restricted in order to make (6.7) compatible with the data on the mixing angles [28] .
Let us consider another possibility that also agrees with the data. The bimaximal mixing can be generated by the charged lepton mass matrix. In this case (6.8) which leads to (6.9) and
Unfortunately, such a small value of sin θ 13 will be beyond the reach of the forthcoming experiments designed to measure sin θ 13 [10, 11, 12] . Thus, a positive result in these experiments will exclude this possibility. Like in the case of (6.4) , the lepton phase is suppressed: δ ≃ 5
• . Thus, we conclude that without introducing new phases, the immediate relations between the quark and lepton phases lead to suppression of the leptonic CPphase in comparison with the quark phase. Essentially, this is a consequence of the large lepton mixing.
Conclusion
We have studied symmetries, principles and phenomenological conditions which entail certain values for the Dirac CP-violating phase in the leptonic sector. Such a study gives some idea about physics behind the CP-violation as well as the implications of future measurements of the phase.
Bearing in mind that even in the quark sector, there is no theory of CP-violation, we have considered the following possibilities:
-zero (or a very small) phase; -a maximal CP-violating phase, δ = π/2; -an arbitrary phase which depends on the parameter of symmetry transformation;
-certain relation between the phases in the quark and lepton sectors.
By defining rephasing invariant combinations of the elements of the neutrino mass matrix, we have formulated the necessary and sufficient conditions for the zero value of the phase. In the case that all the elements of m ν are nonzero, CP-invariance of the mass matrix is equivalent to the realness of the three rephashing invariant combinations I 1 , I 2 and I 5 defined in (2.10,2.13) . In other words, if I 1 , I 2 and I 5 are all real, the Dirac as well as Majorana CP-violating phases will be zero (or equal to π). Particular cases in which some of the elements of m ν are zero have also been discussed.
We have studied the possibility that the Dirac phase is zero or very small but the Majorana phases are sizeable; i.e., CP is still broken in the lepton sector of the theory despite the vanishing Jarlskog invariant. We have derived the general form of the mass matrix that satisfies these conditions [see (3.27) ]. There is no unique symmetry which leads to such a form; however, we have found that by changing the basis, the matrix can be written in a simple form [see (3.31,3.32 )] which will be easier to incorporate in models. We have observed that the symmetries and mass patterns that lead to zero δ also yield certain relations between the 1-3 mixing and other observables [see Eqs. (3.5,3.16,3.23) ]. These relations can be used as a test for the underlying physics.
Maximal Dirac CP-violating phase can be related to a symmetry under a specific type of combined CP and flavor (CP-flavor) transformations that is known as the µ − τ reflection symmetry. The symmetry leads to δ = π/2, zero (or equal to π) Majorana phases and maximal ν µ − ν τ mixing. We have shown that this symmetry is a sufficient (if mass matrix is complex) but not a necessary condition for δ = π/2. In order to verify this symmetry, in addition to confirming cos δ = cos 2θ 23 = 0, it is necessary to check that the Majorana phases are zero (or equal to π).
We have proposed a generalized version of the µ − τ reflection symmetry.
Depending on the value of the parameter of transformation, this symmetry can lead to any value of the Dirac phase. This symmetry predicts a simple relation between the Majorana and Dirac phases [see (5.6,5.7) ]. A mass matrix symmetric under the CP-flavor transformation can be generated within the seesaw mechanism. We have discussed leptogenesis in the context of seesaw mechanism respecting the generalized µ − τ symmetry. If the right-handed neutrinos transform into CP-conjugate of themselves under this symmetry, N i → N C i , the total asymmetry vanishes; however, if the flavor effects are taken into account, the successful leptogenesis can still be realized. The successful leptogenesis can also be obtained in the case of non-trivial (flavor) transformation for N i . In this case a weak violation of the symmetry can lead to the resonant leptogenesis.
The leptonic phase can be related to the quark phase in the context of quark-lepton complementarity. In this scenario, the mixing matrix in the lepton sector appears as a combination of the CKM mixing and a bi-maximal mixing. If no additional phase apart from the CKM phase is introduced, one expects a suppressed Dirac phase as a consequence of the large lepton mixing.
